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Influence of Wind Speed on Airship Dynamics
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A new formulation of the equations of motion of an airship is derived to allow the analysis of the wind influence
on the airship dynamics. Initially, the equations of motion are written via the Lagragian approach, considering the
three Kinetic energy terms associated with 1) the energy of the vehicle motionitself, 2) the energy of the air around
the airship due to the relative velocities, and 3) the energy added to the buoyancy air. After that, the equations of
motion are translated into Newton’s second law formulation, yielding a new term, wind-induced force and torque.
When the airship geometry approximated by an ellipsoid of revolution is considered the wind-induced terms are
then explicitly derived, and their contribution on the longitudinal and lateral dynamics of the airship motion is
analyzed. The results are illustrated using the model of a real airship, considering a given range of wind speed and

a constant low airspeed.

Nomenclature

ABC = local frame, centered in O nearly

equal to center of volume (CV) (Fig. 1)
A, eR*** = matrices of linearized lateral dynamic
B, e R4 equations
A, eR** = matrices of linearized longitudinal dynamic
B, e >3 equations
a, = gravity accelerationin the inertial,

Earth frame, north, east, down (NED)
frame, [0, 0, g]” e R*>*!
C = center of mass of the airship, c.g.
F = total external force and torque applied
on airship, [FT, TT1" e R°*!
= aerodynamicforce and torque
gravity force and torque

F, eR°*' = kinematics force and torque

F,eR*! = propulsionforce and torque

F,eR*! = wind-inducedforce and torque

HeR™! = angular momentum vector

ho = reference altitude for linearization

Iy e R3 = identity matrix

JeR¥3? = inertia matrix of the airship

J, e 3 = apparentinertia matrix of airship, J +J,

JyeR*? = inertia matrix of the buoyancy air

Js. €R°*? = apparentinertia matrix of the
buoyancy air, Jz 4+ J,

J,eR>3 = virtual inertia matrix

MeR>3 = inertial mass matrix of the airship, ml;

M, e® " = apparent mass matrix of airship, ml; + M,

M,, e R**® = apparentmass matrix (obtained from M,)
for the lateral motion _

M, R = apparent mass matrix (obtained from M)
for the longitudinal motion

My eR*>® = inertial mass matrix of the buoyancy air, m I
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apparent mass matrix of the buoyancy air,
m [313 + MU

virtual mass matrix

generalized apparent mass matrix of airship
with inertias and masses

generalized virtual mass matrix

with inertias and masses

airship scalar mass

buoyancy mass, product of air density

by airship volume, pV

origin of local frame,

CV = center of buoyancy (CB)

vector from CV to c.g.,
C-0=[a,,0,a.]" eR’™'

linear momentum vector

transformation matrix from NED

frame to ABC frame

vector of inertial airship speed represented
in ABC frame, [u, v, w]T e R3*!

true airspeed, v/(u? + v> + w?)

reference airspeed, for linearization

vector of linear airspeed, V —V,, € 3!
vector of wind linear speed represented

in ABC frame, [u,, vy, w,]" € >
kinetic energy

kinetic energy referred to the c.g.

kinetic energy referred to the CB

full airship inertial velocity vector represented
in ABC frame, [V7, 0”7 e R°*!

vector of air velocity,

V!, o] =x—x,)eR°*!

full wind velocity vector represented

in ABC frame, [V!, 0?7 e R°*!

full inertial velocity vector of the c.g.

full inertial velocity vector of the CB, nearly
equaltox € R6!

prefix indicating a small perturbation

of a given variable around its nominal value
state vector of linearized lateral

model, [v, 8p, 8r, 5¢]" € R* ™!

state vector of linearized longitudinal model,
[Su, Sw, 8q, 801" € R**!

roll, pitch, and yaw Euler angles associated
with transformation §

vector of airship angular speed represented
in ABC frame, [p, ¢, r]T e ®>*!
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Wy = vector of angular airspeed, ® — w,, € R3x1
Wy = vector of wind angular speed
representedin ABC frame, [p,,, ¢y, w1’ € R

Subscripts

a = apparent for masses; airspeed for velocities
B = buoyancy

h = horizontal plane (lateral mode)

v = vertical plane (longitudinal mode); virtual
w = wind

Superscripts

c = regardingthe c.g.

0 = regarding the CV

I. Introduction

HE modeling of a vehicle moving in a fluid is an important

part of the analysis and design of vehicles such as airships and
submersibles. Some usual difficulties arise in the computation of
this kind of motion equations due to the mass of the vehicle and the
mass of the displaced fluid being of the same order of magnitude.
For example, when the vehicle is accelerated in a fluid, additional
forces are required to increase the kinetic energy contained in the
fluid. This effect appears as an apparent increase in the mass of the
vehicle and is often referred to as added mass.

The important work of Lamb' was the first to analyze the motion
of a rigid vehicle in a perfect fluid. Lamb showed that the kinetic
energy of the fluid can be expressed as a quadratic form involving
the three translational and three rotational componentsof the vehicle
velocity.In his approach, the calculation of the fluid pressure effects
on the surface of the vehicle is solved by treating solid and fluid as
a single dynamic system.

The derivations of Lamb were used by Jones and Williams? to
generate the equations of motion of airships and by Lewis et al.?
to model the dynamics of a remotely operated underwater vehicle.
They were also applied to simulate the dynamics of the YEZ-2A
airship by Nippress and Gomes* and Gomes.’

In a recent paper, Thomasson® reviewed the work of Lewis et al.?
that proposed a new formulation of the equations of motion of a
rigid vehicle in an unsteady heavy fluid. By the treatment of the
effects of the inertial and added masses as separate functions of
the inertial and relative velocities, Thomasson® derived a common
set of motion equations to be applied generically to submersibles,
airships, and airplanes. In his new formulation, the effects of fluid
motion and velocity gradients were also considered.

Following the formulation of Thomasson,® we write here the
equation of motion of an airship and consider separately, in the
Lagrangian energy approach, the three kinetic energy terms associ-
ated with 1) the energy of the vehicle motion itself, 2) the energy of
the air around the airship due to the relative velocities, and finally
3) the energy added to the buoyancy air (displaced by the airship
volume). The first term is proportional to the vehicle inertial ve-
locity, whereas the second and third terms are proportional to the
relative velocity (or airspeed).

Anequivalentformulationis thenintroducedthatallows the trans-
lation of the airship equations of motion from the usual Lagragian
approach into a Newton’s second law formulation. In the deriva-
tion of the force and moment equations, the velocity of the air mass
results in a new term, wind-induced force and torque, that is not
presentin the formulation of Gomes.® This wind-induced term may
be regarded as the inertial time derivative of the apparent momen-
tum of the buoyancy air as viewed by the airship. It expresses the
tendency of the airship to be dragged away by the wind.

In particular, for an airship in a constant wind, it is shown that
the wind-induced force is proportional to the airship angular speed,
which resultsin a change in the damping characteristicsof the mo-
tion. Obviously, the actual influence of the wind-induced force on
the airshipdynamics dependson the magnitude of the other terms of
the dynamic equation, particularly the kinematic and aerodynamic
forces. The longitudinal and lateral dynamics of the airship motion
were analyzed for a given range in the wind speed (considering a
constant low airspeed). For the analysis of the wind influence on

the airship dynamics, the model of the AURORA project AS800
airship’® was considered.

This paper is organized as follows. The airship dynamic equa-
tion of motion is developed in Sec. II. In this section, the mass
matrix, with its virtual and apparent terms, is presented, and the
wind-induced force and torque terms are derived. In Sec. III, the
influence of a constant wind on the longitudinal and lateral dynam-
ics of the airship motion is studied through a detailed analysis of
the wind-induced force and torque terms. Section IV verifies the
results of Sec. III using the model of a real airship and considering
an air-hovering situation (zero airspeed) in a constant wind. Finally,
Sec. V presents the main conclusionsof the work and the Appendix
presents some changing references between inertial frame and rigid
body frame.

II. Equations of Motion of an Airship
A. Assumptions

In the attempt to establish a workable mathematical model of
the airship flight, a number of considerations have to be taken into
account.

First, the airship displacesa very large volume of air; the mass and
inertia properties of this air become significant, that is, the airship
behavesas if it had mass and moments of inertia substantiallyhigher
than those associated to its own physical construction.

Second, threekindsof masses and inertiamatrices must be consid-
ered: the mass and inertia (m, J) of the vehicleitself, the mass and in-
ertia (m g, J ) of the buoyancyair (correspondingto the airdisplaced
by the total volume of the airship), and the virtual mass and inertia
(M, J,) (which may be regarded as the mass of air around the air-
ship and displaced with the relative motion of the airship in the air).

Third, the airship mass changesin flight due to ballonet deflation
or inflation: here, however, it is assumed to be slow varying with the
associated time derivatives equal to zero.

Fourth, to accommodate the constantly changing c.g., the airship
motion has to be referenced to a system of orthogonal axes fixed in
the vehicle with the origin at the center of volume (CV) (Fig. 1). The
CV is also assumed to coincide with the gross center of buoyancy
(CB).

Fifth, the airship is assumed to be a rigid body, and the aeroelastic
effects are ignored.

Sixth, the airframe is symmetric aboutits vertical (XZ) plane such
that both the CV and the c.g. lie in the plane of symmetry.

Last, the Earth is assumed as flat and taken as an inertial frame.

B. Dynamic Equations of Motion
The equationsdescribing the atmospheric flight of an aircraft are
often derived from Newton’s second law of classical mechanics,
expressed in the inertial frame, north, east, down (NED):
dH
® _p A g (M)
df NED dr NED
where (F, T) are the total external force and torque, which are com-
monly described as the sum of gravitational (F,, T,), aerodynamic
(F,,T,), and propulsion (F ,, T,) forces.

Fig.1 Local frame ABC.
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When the displaced fluid mass is not negligible, as is the case
for airships or balloons, the equations of motion are usually derived
from the Lagrangian approach.-®

To express the kinetic energy, let the motion of the airship be
described by its inertial velocity x =[VT,w"]", a six-degree-of-
freedom vector including the inertial linear speed V and angular
speed w. Let the surrounding air be described by an inertial wind
velocityx,, = [V, w!1". The airshiphas, thus, arelativeair velocity
equal to the difference of the previoustwo (x, =x —x,,). The total
kinetic energy W is then obtained as a sum,

W =W+ W+ W )

thataccountsfor the vehiclemotion W¢, for the kineticenergy added
to the buoyancy air WJ (displaced by the airship volume), and also
for the energy due to the virtual mass W?. These terms are detailed
as follows.

The kinetic energy of the vehicle depends on the inertial velocity,

W = %x"TWx" 3)

where M¢ is the generalized mass matrix, including the scalar mass
m and inertial matrix J of the vehicle. The inertial term is normally
referred to the c.g. C and to its velocity x°. The other two terms in
Eq. (2) that correspond to the air replaced and around the airship
volume are referred to the CB O and to its velocity x =x°.

In the case of the buoyancy air, to cancel the contribution of the
air mass motion, the inertial kinetic energy W, must first be sub-
tracted, and then only the extra kinetic energy Wga is added®:

Wy =—Wy, + W5, = —Lx"Mpx + IxIMpx, )

Bi Ba
where M is the generalized mass matrix of the buoyancy air
(vehicle total volume filled with air).
Finally, for the last term in Eq. (2), which may be regarded as
the kinetic energy of the air moving around the airship due to the

relative velocities, the notions of virtual mass and virtual inertia M,
were introduced by Lamb':

W = xI'M x, (5)

C. Inclusion of Virtual Inertia into Momentum

The notions of virtual masses and inertia may also be introduced
into the formulation of Newton’s second law (1) through the equiv-
alent definition of a total linear and angular momentum.

Following the definition of the kinetic energy (2), the linear mo-
mentum is then defined as the sum of the vehicle momentum, pro-
portional to the inertial speed of the c.g., plus the momentum added
to the displaced buoyancy air, depending on the inertial and relative
speed of the CB, plus the virtual mass momentum proportional to
the airspeed of the CB:

P = A% + (mHVa - va) +Mvva (6)

Likewise, the total angular momentum around the origin is the sum
of the inertial angular momentum of the vehicle around point O,
plus a term corresponding to the buoyancy air, plus a virtual term
proportionalto the relative angular speed,

H = (J(L) +0C x mv) + (JBwa _J[;(L)) +J1/wa (7)

where the superscriptswere omitted becauseall variablesare relative
to the origin O =CV.

Such a definition for the linear and angular momenta corresponds
to the standard case where the total virtual matrix is reduced to a
block diagonal matrix, with a virtual mass matrix M, and a virtual

inertia matrix J,,:
= | M0 (8)
Lo

D. Derivation of the Force Equation
Once the linear momentum has been defined, the ABC velocity
and the wind velocity are introduced:

sz(v_ocxw)+mlz(va_V)"'Mvva (9)

The airspeed V, =V —
speed,

V., may be replaced introducing the wind

p=mV—m0CXa)-l—MU(V—Vw)—mBVm (10)
resulting in the final formulation of the linear momentum,
P=Mav_mocxw_MBavw (11)

where the apparent mass of the vehicle M, =ml;+ M, and the
apparent mass of the buoyancy air Mg, =m gl + M, were used.

The time derivative of the momentum (1) is first applied in the
inertial frame:

dp  d(M,V —mOC x o — My, V,)

F 12
dr dr (12)
M, v do d(OC) dM;,V,
— —m|0C x — ——-=F (13
ar m[ “T T Ta X“’} ar (13)
and then transported into the local frame,
M,V + o x M,V) —mOC x & — m(w x 0C) X
_(MBan +wXMBan) =F (14)
leading to the final form of the force equation,
M, —-mOCx]x=F+F,+F, (15)

where two new force terms appear, respectively, the inertial kine-
matics force and the wind-induced force:

F,=—mwx (wx0C)—wxM,V (16)
Fw =Mlia‘./w + o x MBan (17)

E. Derivation of the Angular Equation
As for the earlier case, the wind angular speed is introduced into
the definition of the angular momentum,

H=]J,0w+0CxmV —Jg,w, (18)

where the apparent vehicle and buoyancy air inertial matrices,
Jo.=J+J, and Jp, =Jp +J,, respectively, have been introduced.
Therefore, the angular momentum equation (1) becomes

Jo + o X J,0) + [0C x mV + o x (OC x mV)]
_(Jliad)w +wXJHaww) =T (19)
or in matrix form,
[mOCX Ja]-x.“ = T + Tk + Tw (20)

where two new torque terms appear, the inertial kinematics torque
and the wind-induced torque, respectively,

T, =—wxJ,0o—wx(0CxmV) 21
Tw = J[}aa.)w + w X J[}aww (22)

The final matricial equation for the motion of the airship in wind is
obtained from Eqs. (15) and (20):

My =F,+F,+F,+F; +F, (23)
with the generalized apparent mass matrix defined by
= M, —mOCx (24)
‘7 mocx Ja

and the generalized forces produced by aerodyﬁmics,F_a; gravity,
F; propulsion, F ,; kinematics, F;; and wind, F,,.
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F. Apparent Mass Matrix
With regard to the generalized apparent mass matrix (24), the
apparentmass and inertia matrices are given by
Ma =ml’§ +Mvs Ja =J+JU (25)

and the virtual mass and inertia matrices are usually taken as!

X, 0 0 L, 0 0
M, = 0 _Yi/ 0 5 J, = 0 Mt) 0 (26)
0 0 -z, 0 0 N;

where X, Y;, Z,, and L, M,;, N; are Lamb’s virtual mass and
inertia terms, which are all proportional to the buoyancy mass m .

G. Inclusion of Gravity and Attitude

The gravity acceleration is given in the Earth NED frame as a
constantvectora, =[0, 0, g]”. Thus, in the local frame (Fig. 1), the
gravity force, which adds the weight force, applied at the c.g., and
the buoyancy force, applied at the CB or CV, is a function of the
transformation matrix S from Earth frame to local frame:

- Fg, _ S(m —m,;)ug
Fe = |:T€:| B |: OC x Smay :| @7

The kinematicrelationshipbetween attitude and angularrates brings
a new differential equation,

S=-wxS$§ (28)

which may be expressed in terms of the Euler angles (¢, 6, ¥) and
their derivatives.

H. Linearized Model

The complexity of the nonlinear dynamic equations justifies the
search for a linear simplified version, also important to analyze and
evaluate the characteristics of the airship dynamics. The lineariza-
tion of the dynamic equations (23) is performed for trimmed con-
ditions around equilibrium, which is commonly that of a horizontal
straight flight, without wind incidence.

In such conditions, the equations are written for a perturbation
vector dx of the states around the equilibrium value x, and the
perturbed input §u around the trimmed value u,, resulting in the
matricial dynamic equation

dx = Aéx + Béu (29)

in the absence of disturbances (deterministic case).

One important result of the linearization approach is the sepa-
ration of two independent (decoupled) motions: the motion in the
vertical plane, called longitudinal,and the motion in the horizontal
plane, called lateral.

The linearizedmodels, thatis, the dynamic matrix A and the input
matrix B, dependon the trim pointchosenforthe linearizationand, in
particular,on the airspeed V,, and altitude /2, chosen. The existence
of a constant wind component is also to be considered.

For the longitudinal case, in the vertical plane, the state
vector considered to evaluate the dynamic characteristics is
8x,=[du, Sw, 8q, 861" and the input vector is given by du,. The
longitudinal dynamic equation is then given by

5'*!/ = AUaxU + Bllaull (30)

For the lateral case, in the horizontal plane, the state vector con-
sidered is 8x;, = [v, 8p, 8r, 8¢]" and the input vector is given by
duy,. (Here the trim values are generally null.) The lateral dynamic
equation is, thus, given by

5X.fh =Ah5xh +Bh5uh (31)

The longitudinal and lateral linearized dynamic models are used in
the following section to evaluate the damping and natural frequency
of the system under a dominant wind influence.

III. Influence of Wind on the Airship Dynamics

Because of their large volume and low density, airships are enor-
mously affected by the wind. In this section, the dynamic motion
equation (23) is further analyzed for the condition where the wind-
induced force F, is dominant over the other force components,
allowing for the investigation of the wind influence on the airship
dynamics. Initially, two hypothetical extreme case suppositions for
an airship are presented and analyzed. Then, the wind-induced force
F,, is derived as a function of the airship geometry, wind velocity,
and airship angular speed. Finally, the dynamics of the airship in a
hovering neutral flight (null airspeed velocity) for constant longitu-
dinal or lateral wind is analyzed.

A. Extreme Cases of Airships

We investigatehere two hypotheticalsituationsfor an airship. The
first one considersthe airshipreplacedby a fictitious volume of pure
air (m=myg), and the second one supposes that the airship has a
negligible buoyancy mass compared to the vehicle mass (m > mpg).

1. Volume of Pure Air Case

First, we suppose that the airship is replaced by a fictitious vol-
ume of pure air, in which case the scalar mass is exactly the buoy-
ancy mass (m =mp). In this situation, the mass and inertia matrices
are equal to the mass and inertia buoyancy matrices (M, = Mp,,
J.=J3.); CB and c.g. are the same, yielding OC = 0; and the aero-
dynamic, propulsion, and gravity forces are all null. Therefore, the
dynamic equation (23) reduces to

TFio| Ma —-moCx| [V
*=\mocx 1, @

R AT | M OV
— 4k w 0 J[;a o

_ [_(L) X M[}av} + [Mliavllz + o x Mliavw}

= i (32)
—w X J[}aw J[}aww + o x J[}aww

which accepts the obvious intuitive solution (V=V,, o =w,),
which states that the volume of air is dragged and moving along
with the wind or surrounding air.

2. Aircraft Case

On the other hand, if the buoyancy mass is negligibleas compared
to the vehiclemass, as is the case of an aircraft, then the virtual mass
may also be neglected. Because we have now m >> mg andM, >~ M,
the components of matrix M, tend to be much smaller than those
of matrix M. Thus, the wind-induced force (F,,) given in Eq. (17)
may be neglected when compared to the kinematic force F; given
in Eq. (16):

—_ = — —mw X (w0 X 0C) —w xmV
Fk+Fw:Fk: (33)

—w X Jo —w x (0C x mV)

In terms of dynamic characteristics, this is equivalent to omitting
the influence of the wind speed or to neglecting it as compared to
the airspeed and inertial speedor V>V, and o ~ w,.

In this case of a negligible buoyancy mass, there is no need to
considerthe CB as the originof the local frame, and instead it may be
assumed located at the c.g. This would be equivalent to considering
OC =0 in the dynamic equations, leading to a further simplification
of Eqgs. (23) and (24), which are reduced to

MWV e [T e
0 Jllol " T T | ~oxo (

Finally, because the aerodynamic forces only depend on the air
velocity V,, the dynamic behaviorof the model is taken as a function
of the air velocity, which is the common assumptionin aircraft flight
analysis.
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B. Airship in Neutral Flight

In the case of an airship in neutral flight, for which the weight is
exactly matched by the buoyancy force (m = my), the virtual mass
cannot be omitted and neither can the apparent buoyancy mass.
It is interesting then to study the influence of the wind-induced
force. To do so, we first derive the wind-induced force F,, explicitly
as a function of the airship geometry, wind velocity, and angular
speed, and then the dynamics of the airship is analyzed for constant
longitudinal or lateral wind incidences.

Consider the general case as presented in the dynamic
equation (23); the influence of wind is directly expressed by the
wind-induced term:

r— Ma‘./w—'_wXMavw
F, = [ - ’ } (35)
J[}aww + o X Jliaww

This force term may be regarded as the inertial time derivative of the
apparent momentum of the buoyancy air as viewed by the airship.
It expresses the tendency of the airship to be dragged away by the
wind, somewhatlike in the precedingextreme case where the airship
is a volume of pure air.

C. Airship in Constant Wind

To analyze the influence of wind on the airship dynamics, let us
consider the typical case where wind may be assumed as constant
in the Earth NED frame with components VNEP = [V, Vi, Vp].
We also suppose null angular speed components for the wind.

The local components of this constant wind depend on the trans-
formation matrix S,

Vi = [ty vy, wa]" = SV (36)

w

as well as its time derivative,

‘./IU = SVNED = —w X SVNED = —w X Vw (37)

The wind-induced force (17) is then given by

Fw = _Mliaw X Vw +owXx M[}avw = (_Mliaw X +w X Mlia)vw
(38)
Ifthe airship geometryis approximatedby an ellipsoidofrevolution,

as is usually done, then the virtual mass matrix may be taken as
diagonal, as well as the apparent buoyancy mass matrix,

a 0 0
MHa = MU +m[;I3 =0 b O +m1313 (39)
0 0 b

where a and b are virtual mass elements that are function of the
ellipsoid geometry. The wind-induced force from Eq. (38) is then
given by

0 r —q] [uw V! — Wyq
F,=@-b|r 0 O vy | =(@—Db) Uyt
—q 0 O Wy, —Uy,q
(40)

where the local ABC components of the constant wind have been
used.

A first result from the preceding expression is that for a volume
with spherical geometry (perhaps nearly the case of a balloon) that
has an isotropic virtual mass (@ = b) and, thus, an isotropic apparent
buoyancy mass; the wind-induced force is null (¥,, =0), and the
dynamics is then insensitive to the wind.

Some further conclusions may be drawn from Eq. (40):

1) The wind-induced force is proportional to the angular speed
and will result in a change in the damping characteristics of the
motion.

2) The longitudinalcomponentof the wind, u,,, producesa lateral
and vertical force functionof the yaw and pitchrates, respectively,in
agreement with the usual separation between longitudinal motion,

describedby the longitudinal state 8x, = [du, dw, 8¢, 801", and lat-
eral motion, described by the lateral state 8x;, = [§v, 8p, &7, §¢]”.

3) Likewise, the vertical wind component w,, produces a lon-
gitudinal force function of the pitch rate, both belonging to the
longitudinal motion.

4) On the contrary, the lateral wind component v,, results in a
longitudinal force function of the yaw rate and, thus, introduces a
coupling between longitudinal and lateral modes.

Obviously the influence of the wind-induced force F,, depends
on the magnitude of the other terms of the dynamic equation, par-
ticularly the kinematics term F;, which is a function of the inertial
velocity, and the aerodynamic term F,, which is a function of the
air velocity. That is, wind will mostly affect the airship dynamics
when both these two velocities,and also the propulsive (and control)
forces, are low.

To reach some quantified results, it is interesting to analyze the
dynamics of the airship motion when varying the wind (and inertial)
speed considering a low constant airspeed or, in other words, under
constant low aerodynamic forces.

D. Dynamics of an Airship in Hovering Flight

Here, the dynamic equation (23) is explicitly derived considering
the case of negligible aerodynamic forces. The resultingequation is
then separated into the correspondinglongitudinal and lateral ones,
and with consideration of a given structure for the mass submatri-
ces, they are written in the equivalent linearized form. Finally, two
cases of wind incidence (longitudinal or lateral wind) are consid-
ered, and the dynamics of the linearized equations are analyzed for
each situation.

Let us consider, initially, that the airship is air hovering, that is,
the airspeedis zero and, thus, the aerodynamic forces vanish. Let us
also consider the propulsive (and control) forces as zero. In such a
hovering neutral flight, the dynamics of the airship is essentially like
apendulum with two degrees of freedom, exhibiting two oscillatory
modes, one in pitch and one in roll.

The dynamic equation (23) is then reduced to

Myx=F, +F. +F, (41)

If only small perturbations are considered around the equilibrium
state, the vector of velocities derivative can be written as x =
V7, &1" =[8u, 80, 8w, &p, 84, 671". Also, with_zero attitude,
the transformation matrix, used in the evaluation of F, [Eq. (27)],
may be approximated to first order by

1 sy —86
S=|-sy 1 ¢ (42)
0  —8¢ 1

Because airspeed is zero, the equilibrium inertial speed is equal
to the wind speed (u =u,,, v=v,,, w =w,,), and considering that
the trim values for the angular velocities are null, then we have
p=46p, q=25q, r =45r. Now, from Egs. (27), (16), (21), and (40),
the dynamic equation (41) can be written as

0 [ 4 b) (0T — w,89)
0 —I m + b)w,dp — (m + a)u,ér
— 0 (m 4+ a)u,8q — (m + b)v,dp
M, x = mg
—a.8¢ ma.u,,ér —ma,(v,8q + w,ér)
—a.86 mv, (a-6r + a,8p)
a,8¢ —ma.(u,ép + v,6q) + ma, wwépJ
_vwér — wwéq—|
u,or
—u,8q
+(a —b) 0 (43)
0
Lo ]
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Finally, we reorder the vector elements of the precedingequation by
grouping the longitudinal (5u, w, §¢g) and the lateral (§v, dp, ér)
variables as

'au]

Sw
M, O 8q
e
op
L]

(m 4 a)(v,ér — wy,d6q) ‘|
(m + b)(uy,6q — vudp)
_ m(—ga.860 + a.v,6r + a,v,p) (44)
(m + b)(w, ép — u,dr)
m(—ga.d8¢ + a.u,dr — a,v,8q — a,w,,r)

’/n(ga)kaq5 - a:uwap - aszaq + axwwap)

where the matrices M, € ®** > and My € 33 are obtained from
the corresponding elements on matrix M, € ®°*%as follows. From
Egs. (24-26), and from consideration of the diagonal structure for
the virtual mass matrix presented in Eq. (39), the generalized ap-
parent mass matrix results in

M,
m—+a 0 0 0 ma. 0
0 m+b 0 —ma, 0 ma, —I
0 0 m+b 0 —ma, 0
| 0 -ma. 0 I +L, 0 —J,.
ma. 0 —may 0 Jy+ M, 0
0 ma, 0 —Jy- 0 J.+ N;J

(45)

Then, the longitudinal and lateral mass matrices M, and M, are
given by

m+4a 0 ma.
M, = 0 m+b —ma,
ma. —ma, J,+ M,
m+b —ma, ma,
M, =|-ma. J.+1L; —J (46)
ma, —J,- J. +N;

E. Constant Wind in the Airship Vertical Plane

If wind is in the airship vertical plane (#,, # 0, v,, =0, w,, #0),
then the dynamics may be split into the longitudinal and the lat-
eral motion. This is possible because the substitution of v,, =0 in
Eq. (44) leads to a set of equations where the longitudinal motion
described by the three first lines in Eq. (44) are only dependent on
the longitudinal variables, or

Su —(m+ a)w,dq
[A4;U o} 5a;|:= (m + byu,8q | )
0 1 3q —mga.so
56 8q

and in the same way, the lateral motion described by the three last
lines in Eq. (44) appear as function of the lateral variables only, or

8i1—| (m + b)(w,dp — u,,ér)

Muh 0 5p
0 1 '

Sr
8¢

_ m(_ga:5¢ + a:uwar - axwwar) | (48)
J - m(gakéqﬁ - a:uwap + axwwap) J

sp

with the inclusion of the pitch and roll attitude angles §6 and §¢.

The preceding dynamic equations may be written in state-space
form, respectively, as

00 —(m+a)w, 0 _| 8u‘|
M,, 0110 0 (m+bu, 0 Sw
::[ 0 1} 00 0 —n@a:| 5q|
0 0 1 0 86
(49)
80
8p M, 0]
i |~ [ 0 1}
5¢J
0 (m +byw, —(m + b)u,, 0 _| 8v_|
0 0 m(a.u, —a,w,) —mga. Sp
x 0 —m(a.u, —a,w,) 0 mga, | 8r |
0 1 0 0 8¢J

(50)

If we consider the usual case where the c.g. is nearly below the CB
(ora, =0anda. > a,), a further simplification may be obtained.In
addition, when it is assumed that a, =0 and J,. =0, it is possible
to derive a standard form for the inverse of the mass matrices M,
and M ,:

—1

m +a 0 ma. N 0y,
M;! = 0 m+b —ma, ~|1 0 n, O
| ma. -—ma, J,+ M, Ny 0 ng, |
(51)
m+b —ma. ma, 17 Ny Ny, 0]
M, =|-ma. J.+L, —J. ~|ny ny 0
| may, -J: L +N; 0 0 n,
(52)

Therefore, the linearized longitudinal [Eq. (49)] and lateral
[Eq. (50)] free dynamics are finally written as

00 —-n,m+aw, -—-n,mga.
. 0 0 ny,(m+bu, 0
8k, =A,8x, = | 6x, (53)
00 —-n,(m+a)w, -—ny,mga.
0 0 1 0
8x, =A%, =
ny,(m + byw, —n,,(m+ byu, +n,ma.u, —n,,mga.
0 n,,(m+bw, —n,,[m+bu, +n,mau, —n,mga. |5xh
0 -—n,ma.u, 0 n, mga,
0 1 0 0 J
(54)

where 8x, = [Su, Sw, 8q, 861" and 8x;, = [Sv, 8p, &r, ¢

For the longitudinal dynamics, it can be seen from the dynamic
matrix A, in Eq. (53) that the system will present two poles at the
origin, related to the speed components (¢, w). The third line of the
system corresponds to the pitch oscillation (¢, 8) and has a second-
order characteristic polynomial,

As) = s + Nyg (M + a)w,,s + ny,mga. (55)
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which reveals a constant natural frequency wy = /(n,,mga.) and
a damping that is linearly dependent on the vertical wind speed
component, whereas the longitudinal component has no effect.

In the lateral dynamics equation (54), the speed component v is
not present, which results in a pole at the origin. The other states
give a third-order characteristic polynomial:

A(s) = s> — Ny, (M + byw,s?
+ mg{nppa: — Ny AUy, [nppma: - nvp(m + b)]}s
+ Uy [nppma: - nvp (m + b)]nrrma:um (56)

yielding a real pole and a pair of conjugates, corresponding to the
roll oscillation (p, ¢). With no wind, the natural frequency of this
oscillationis wy = /(n,,mga.). As for the longitudinal dynamics,
the effect of wind is a damping and frequency change of the roll
oscillation, coupled with a yaw component.

F. Constant Lateral Wind

For the case presented earlier, with the wind in the vertical plane
(uy #0,v, =0, w, #0),thelongitudinaland lateraldynamics were
shown to be decoupled, as given by Eqs. (47) and (48). However, in
the case of lateral wind (u,, =0, v,, # 0, w,, = 0), coupling appears
between longitudinaland lateral modes in a sixth-ordersystem. This
can can be seen from Eq. (44), with u,, =0 and w,, =0:

_554_| [ (m 4+ a)v,ér _|
Sw —(m + b)v,8p
M, O 8q m(—ga.86 + a.v,,ér + a,v,8p)
[ 0 M(,J s | 0
sp m(—ga.0¢ — a,v,8q)
Lér'J L m(ga, 8¢ — a.v,6q) J

(57)
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Fig.2a Longitudinalpoles for hovering and varyinglongitudinal wind
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Fig.2b Lateral poles for the same situation.

Clearly it is not possible to split the equations in two sets of in-
dependent dynamics because the longitudinal motion (three first
lines) depends both on the longitudinaland lateral variables, as well
as the lateral motion given by the three last lines. Together with this
coupling between longitudinal and lateral motions, the presence
of lateral wind will obviously affect the poles of both oscillatory
modes.

IV. Case Study for Real Airship Model

To verify the preceding results and illustrate the wind influence
on the airship dynamics, the model of a real airship was used. The
AS800°~!'! model is a nonrigid, 9-m-long, 2.25-m-diam, 24-m? air-
ship equipped with two vectored engines, four X-shaped control
surfaces at the stern, and an additional dc tail motor. The X-shaped
deflection surfaces of the tail generate the equivalent rudder, eleva-
tor, and aileron commands of the classical + tail.

The polelocation of the longitudinaland lateral modes were com-
puted, with constant airspeed and with wind speed varying between
0 and 5 m/s. The poles were computed numerically using small
perturbationinputs in the complete nonlinear model represented by
Eq. (23).

A. Air-Hovering in Constant Wind

A firstsituationcorrespondsto the hoveringcase discussedearlier,
with zero airspeed. A horizontal wind was first considered, and
the results are presented in Fig. 2. The longitudinal poles (Fig. 2a)
are clearly insensitive, whereas the frequency of the roll oscillation
increases with the wind speed (Fig. 2b).

Figure 3 presents the case of a lateral wind (from the right of the
airship). The lateralpoles (Fig. 3b) do not show changes for the given
wind speed range, and only the pitch oscillationfrequency (Fig. 3a)
is lowered when the wind speed increases. A closer inspection at
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Fig.3a Longitudinalpoles for hovering and varyinglateral wind speed
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Fig.4b Lateral poles for the same situation.

Fig. 3 shows that the pitch damping is very sensitive, with a tendency
toward instability for higher wind speeds. In fact, the increasein the
oscillatory behavior for higher lateral wind speeds is related to the
aerodynamic forces that will result from such a condition. When
a lateral wind is applied to the airship, a tendency of longitudinal
backward movement will appear due to the forces acting on the tail
fins. As a consequence, the control inversion and the small veloci-
ties involved will result in strong oscillations in the pitch mode. In
practice the instability will never occur because there will always
be some amount of aerodynamic damping forces. The conclusion
is that the lateral wind speed reduces the damping in longitudinal
mode in an indirect way, whereas direct influence of the wind is
more visible in the reduction of the frequency of the oscillation as
shown in (Fig. 3a).

B. Near Hovering with 2-m/s Airspeed

The case of a low airspeed was then considered with an airspeed
of 2 m/s. For such an airspeed, the aerodynamic forces already
introduce some damping in the oscillation poles but inertial and
wind-induced forces are still predominant.

The influence of a longitudinal wind component is presented in
Fig. 4. When compared to the previous cases, all of the poles have
been globally taken to the left and are, thus, more damped. The
effect on the longitudinal poles (Fig. 4a) is mostly to reduce the
frequency of the pitch oscillation. On the lateral poles (Fig. 4b),
the roll oscillation is still very little damped, and the frequency is
somewhat increased when increasing the wind speed.

The case of a lateral wind componentis presentedin Fig. 5. Here
the lateral poles (Fig. 5b) are quite insensitive to wind (similar to the
hovering case), whereas the pitch oscillation (Fig. Sa) is changed,
exhibiting a slightly lower damping ratio and a lower frequency
when the wind speed is increased.
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Fig.5a Longitudinalpoles for 2 m/s airspeed and varying lateral wind
speed (from 0 to 5 m/s).
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Fig.5b Lateral poles for the same situation.

V. Conclusions

A new formulation of the equations of motion of an airship was
derived allowing the analysis of the wind influence on the air-
ship dynamics. Initially, the equations of motion are written in the
Lagrangian approach, with considerationof the three kinetic energy
terms associated with 1) the energy of the vehicle motion itself, 2)
the energy of the air around the airship due to the relative veloc-
ities, and 3) the energy added to the buoyancy air. An equivalent
formulation was introduced allowing the translation of the equa-
tions of motion from the Lagrangian approach into Newton’s sec-
ond law formulation. In the derivation of the force and moment
equations, the velocity of the air mass resulted in a new term, wind-
induced force and torque, representing the inertial time derivative
of the apparent momentum of the buoyancy air as viewed by the
airship.

When the airship geometry approximated by an ellipsoid of revo-
lution is considered, the wind-induced force and torque terms were
explicitly derived, and their contribution to the longitudinal and lat-
eral dynamics of the airship motion was analyzed. To exemplify
the results, the model of a real airship was used to verify the wind
influence on the dynamics, for a given range of wind speed and
a constant low airspeed, showing how the wind-induced forces do
affect the damping of the oscillatory modes.

Appendix: Changing References

The time derivativeis defined in the inertial NED frame. The time
derivative from inertial frame to ABC frame introduces the Coriolis
acceleration

v av

= — +oxV=V4+oxV
df NED dt ABC
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Following the assumption of a rigid body, the linear speed of the c.g.
(point C) is related to the linear speed of the CV (point O) through
the angular speed:

Ve=V'40x0C=V—-0Cxw

Acknowledgments

This work is partially sponsoredby the Brazilianagency Fundasao
de Amparo a Pesquisa do Estado de Sdo Paulo (FAPESP) and the
Cooperative Agreement Conselho Nacional de Desenvolvimento
Cientifico e Tecnolégico/Institutode Cooperacdo Cientifica Etecno-
logica (CNPq/ICCTI), under Grants 97/13384-7 and 910094/99-3,
respectively. It was also supported by the Portuguese Operational
Science Program, cofinanced by European Fund for Regional
Development (FEDER) Program.

References

'Lamb, H., “The Inertia Coefficients of an Ellipsoid Moving in Fluid,”
Aeronautical Research Committee, Repts. and Memoranda 623, Oct. 1918.

2Jones, R., and Williams, D. H., “The Stability of Airships,” Aeronautical
Research Committee, Repts. and Memoranda 751, 1921.

3Lewis, D. I. G., Lipscombe, J. M., and Thomasson, P. G., “The Simu-
lation of Remotely Operated Underwater Vehicles,” Proceedings of ROV84,
1984, pp. 245-251.

4Nippress, K.R., and Gomes, S. B. V., “Estimation of the Flight Dynamic

Characteristics of the YEZ-2A,” ATAA Paper §9-3173, 1989.

SGomes, S. B. V., “An Investigation of the Flight Dynamics of Airships
with Application to the YEZ-2A,” Ph.D. Dissertation, College of Aeronau-
tics, Cranfield Univ., Cranfield, England, U.K., Oct. 1990.

%Thomasson, P. G., “Equations of Motion of a Vehicle in a Moving Fluid,”
Journal of Aircraft, Vol. 37, No. 4, 2000, pp. 630-639.

7Gomes, S. B. V., and Ramos, J. J. G., “Airship Dynamic Modeling
for Autonomous Operation,” Proceedings of the 1998 IEEE International
Conference on Robotics and Automation, Inst. of Electrical and Electronics
Engineers, New York, 1998, pp. 3462-3467.

8 Azinheira, J. R., de Paiva, E. C., Ramos, J. J. G., Bueno, S. S.,
Bergerman, M., and Gomes, S. B. V., “Extended Dynamic Model for
AURORA Robotic Airship,” /14th AIAA Lighter-Than-Air Technology Con-
ference [CD-ROM], AIAA, Reston, VA, 2001.

9 Azinheira, J. R., de Paiva, E. C., Carvalho, J. R. H., Ramos, J. J. G.,
Bueno, S. S. B., Bergerman, M., and Ferreira, P. A. V., “Lateral/Directional
Control for an Autonomous Unmanned Airship,” Aircraft Engineering and
Aerospace Technology, Vol. 73, No. 5, 2001, pp. 453-458.

10EIfes, A., Bueno, S. S., Bergerman, M., and Ramos, J. J. G., “A Semi-
Autonomous Robotic Airship for Environmental Monitoring Missions,”
Proceedings of the 1998 IEEE International Conference on Robotics and
Automation, Inst. of Electrical and Electronics Engineers, New York, 1998,
pp. 3449-3455.

De Paiva, E. C., Bueno, S. S., and Bergerman, M., “A Robust Pitch
Attitude Controller for AURORA’s Semi-Autonomous Robotic Airship,”
AJAA Paper 99-3907, 1999.



